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Memoirs: Obtaining the Right Solution
to Thermophysics Problems

Frederick G. Blottner
Sandia National Laboratories, Albuquerque, New Mexico 87185-0825

Nomenclature

constant in linear viscosity, (i, / (oo )/(T} / Teo)
speed of sound, m/s

skin friction, 27/ p,u?

specific heat at constant pressure, J/(kg - K)

frozen specific heat at constant pressure, J/(kg - K)

specific heat at constant pressure of species s,
J/(kg-K)

mass fraction of species s, ps/p
discretization error of numerical scheme
velocity ratio, u/u,

stagnation enthalpy, m?/s’

enthalpy of gas, for perfect gas equals ¢, T, J/kg
grid spacing, y; — y;_, m

maximum values of i and j

mass flux relative to mass-average velocity
thermal conductivity of gas mixture, W/(m - K)
reference length, m

density—viscosity ratio, (o) / (o),

Mach number

molecular weight of gas mixture, kg/kg - mole
molecular weight of species s, kg/kg - mole
electron number density, electrons/m?
number of chemical reactions

static pressure of gas mixture, N/m?

Prandtl number, puc,/k

local heat flux, k3T /3y, W/m?

gas constant, R, /M, J/(kg - K)

Reynolds number, p u,x/ i,

universal gas constant, 8314.3 J/(kg - mole K)
radius of body, m

nose radius of body, m

constant in Sutherland viscosity, K

Stanton number, g,/ Poolth oo (Hoy — H,,)
distance along body surface (same as x), m
temperature, K, or total time, s

time, s

velocities tangential and normal to wall, m/s
transformed normal velocity

Vs = velocity vector of species s, m/s
w = dependent variable matrix
W, = mass rate of formation of species s, kg/(m® - s)
X,y = coordinates along and normal to wall, m
y = ratio of specific heats
Vs = mole-mass ratio of species s, kg - mole/kg
Ax, Ay = gridsizein x and y coordinate directions, m
AE, An = gridsizein &, (kg m’/ ~!/s)?, and 5 coordinate
directions
En = transformed x, (kg m’ ~!/s)?, and y coordinates
0 = temperatureratio, 7/ 7,
K = ratio of adjacent grid spacing, #;/h;
" = viscosity of gas mixture, kg/(m - s)
0 = density of gas mixture, kg/m?
Os = density of species s, kg/m?
T = shear stress, pou/dy, N
Subscripts
A = atoms
ad = adiabatic wall conditions
c,u = coupled and uncoupled values
e = local flow at edge of boundary layer
f(©0)=0 = no mass transfer at wall
i = grid index for x or & coordinate
ic = value of variables at initial conditions
J = grid index for y or n coordinates
p = peak value in boundary layer
r = reference value
s = value for species s
w = wall or surface value
o0 = freestream conditions
Introduction

COMBINATION of experimental studies, engineering analy-
sis, and numerical simulationsare appropriatefor solving ther-
mophysics and computational fluid dynamics (CFD) problems. The
experimental approach might be appropriate and the only approach
available for some problems. The present paper is concerned with
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using numerical approaches, especially for boundary-layer flows,
for obtaining accurate solution to thermophysics and CFD prob-
lems. Projects, research, and studies that the author has worked on
will be used to illustrated how the solution methodology and solu-
tion accuracy have evolved with time.

In engineering problems, various assumptions are used to model
physical phenomena, and experimental data are usually required to
determine the error introduced. Because computational techniques
are used to solvethe governingequations, the results must be numer-
ically accurate so that the assumptions employed can be evaluated
without being contaminated by the solution procedure. Therefore,
not only must the numerical results be accurate for evaluation of
the modeling error, but one must also have a method to determine
the precision of the numerical results. This is the verification prob-
lem. Whereas numerical solutionsneed not be extremely accuratein
many cases, they should at least exhibit an accuracy that is compat-
ible with the physical approximations of the model and the uses to
which the results will be applied. Therefore, to get the right solution
to thermophysicsand CFD problems requires that the right govern-
ing equations are being used for the intended answers and that they
are being solved with sufficient accuracy. Validation is concerned
with the accuracy of the governing equations used to model the
physics required in the simulation. If the governing equations are
simplified to allow an easiersolutionapproach,forexample, Navier—
Stokes equations reduced to Euler/boundary-layer equations, then
a comparison of the numerical results from the two approaches can
be used to evaluate or indicate the error of the reduced equations.

The emphasis of this paper is on solution of the compressible
and chemically reacting boundary-layer equations. The review is
initially concerned with the numerical solution of the compress-
ible boundary-layer equations for a perfect gas and begins with
the activities at Stanford University under the direction of Irmgard
Fliigge-Lotz. As a student at Stanford, the author worked on the
development of the implicit Crank—Nicolson type finite difference
scheme, which is described. When the author was at General Elec-
tric, additional physics were added to the boundary-layerequations
tosimulatechemicallyreactingflows. The governingequationswere
written in Levy-Lees form to allow the solution to start at stagna-
tion points and tips of cones. This work produced a CFD code that
could provide useful engineering predictions that were needed at
that time. When the author returned to Sandia National Laborato-
ries, a new chemically reacting boundary-layercode was developed
with improved capabilities. Development of numerical schemes for
boundary layers with variable grid spacing and issues involved with
the linearization and complete coupling of the governing equation
is reviewed. Also described is the approach used by the author to
estimate the discretization error of the numerical solution and to
verify the numerical scheme.

For a more complete review of boundary-layer theory and solu-
tion techniques, see the books by Schlichting,! Schetz,> Tannehill
et al.,> Anderson; and Cebeci and Cousteix.’ A review of numeri-
cal techniques for solving the boundary-layerequations and a finite
difference method developedby the authoris given in a paper® pub-
lishedin 1970. Also, the 1975 AGARD review article by the author’
hasextensivecoverage of numerical techniquesfor boundary layers.

Compressible Boundary-Layer Equations

The boundary-layerequations for a perfect gas are presented at
this time because these equations will be referenced throughout the

paper.

Physical Coordinate Form of Boundary-Layer Equations

The boundary-layerequations were initially developedby Prandtl
in 1904. Developmentof the first-orderand second-orderboundary-
layerequationsfor planar and axisymmetric flows over blunt bodies
was performed by Van Dyke® in 1961. The dependent variables in
the Navier-Stokes equations are expanded with a small perturbation
parameter

e=[(—1M2]" /VRe

where Re is the Reynolds number based on the freestream condi-
tions and the body nose radius, M, is the freestream Mach number,
and the viscosity is proportional to a power w of temperature. The
procedure uses singular perturbation theory with inner and outer
expansion and matching between the inner and outer flow regions.
The first-order boundary-layer equations are an approximation to
the Navier-Stokes equationin the inner flow region next to the wall.
The coordinate system uses x as the distance along the wall and y
is the normal distance from the wall. The compressible first-order
boundary-layer equations for a perfect gas and two-dimensional
flow are as follows, where planar r, = 1 or axisymmetric r;, is body
radius.
Continuity:

d d
x (rppu) + —(rppv) =0 ey
X ay

The x momentum:

ou + ou dp + a ou (2a)
u— V—=——+ — a
P TP T T T oy

The y momentum:
— =0 (2b)

There are several forms of the energy equation depending on the
dependent variable that is chosen. Because ¢, is constant, the for-
mulation with the temperature is

o, o7 _dp B (pe,aT o (ou : &
uc,— cp—=uUu—~+ —| —— —
U 0x e ay dx 9y \ Pr dy H ay

The formulation with the enthalpy is

oh b _ dp o (wan) [ : @
u— —=u—+— |- —
p ax p”ay dx 9y \ Pray H ay

The equation of state for air is

p = RpT, R=R,/M, =287.0 (5)

The second-orderboundary-layerequations are not consideredin
this paper but include effects due to interaction with the outer flow
(vorticity at the outer edge and displacement thickness) and sur-
face effects (transverse curvature, longitudinal curvature, surface
slip, and temperature jump). The first-order boundary-layer equa-
tions become more accurate as the Reynolds number becomes very
large with the second-ordereffects becoming smaller. The first-order
boundary-layer equations are the right governing equations to use
for many flow problems and are an accurate approximation of the
full Navier-Stokes equationsin the near-wall region. Both the first-
and second-order boundary-layer equations are partial differential
equations of the parabolic type that allows the numerical solution
to be obtained along a wall with a marching technique.

Thermodynamic and Transport Properties
The specific heat at constant pressure for a perfect gasis obtained
fromc, =y R/(y — 1).Forair, theratioof specificheatsy = 1.4and
¢, =1004.5. The Prandtl number is assumed constant, Pr=0.72.
The viscosity of a perfect gas is usually specified with Sutherland
viscosity law, which gives the viscosity and thermal conductivityas
3 3
n=C,T2/(T+S), k=CT:/(T+S), Ci=c,C,/Pr
For air the coefficients are C,, = 1.458 x 107¢ and the Sutherland
constant S =110.4 K.
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Boundary and Initial Conditions
At the wall the velocity components are zero, and the wall tem-
perature T,, or heat flux g,, is specified:

u(x,0)=0, v(x,0)=0

oT
T()C, 0) = Tw(x) or quw = _<k_>
ay w

At the edge of the boundary layer, the velocity u, and temperature
T, are specified. There is no boundary condition on the v, velocity,
and it is obtained as part of the numerical solution

1 d
ux, o) = u, (x) = —(—) (_,7)’ T(x,y.) = T,(x)
pe ) \ dx

Initial conditions of the dependent variables across the boundary
layer are required to start the marching solution along a wall at
X =X:

u(xic» Y)=”ic(Y), v(xic» Y)= vic(y)a T(xic» Y)=Tlc(Y)
Crocco Form of the Boundary Layer Equations

In the initial development of numerical schemes for solving the

boundary-layer equations, the Crocco form of the equations was
used. The preceding boundary-layer equations in physical coordi-
nates with independent variables x and y are replaced by & =x, u,
and the dependent variables are the temperature 7 and the viscous
stress T = w(du/dy). The development of these equations is given
by Lagerstrom in the book edited by Moore.” The continuity and
momentumequationsare combined with pv eliminatedand are writ-
ten in terms of the new dependent and independent variables. The
resulting continuity-momentum equation and enthalpy form of the
energy equations become

, _dp
p=—

dh
U— =
PR g o

0T
ppu— = f 3
X

0x

2

,0°T , 0T d ,Ou
f=rontpug s+ us=low) = po T
u ox ou

1 9%h 1 )q2 1—Pr\ dtoh oh ,

§= Pr8u2+ [ Pr 18u8u+u 8u+u r©

The extension of these equations for axisymmetric flow are given
by Kramer and Lieberstein.!® These equations have the properties
of parabolic partial differential equation like the heat conduction
equation except they are nonlinear and more complex. The inde-
pendent variable u varies from zero at the wall to unity at the edge
of the boundary layer, which gives a well-defined solution region.
However, there are several disadvantages with this transformation
because there is a singularity at the outer edge of the boundary
layer. In addition, for the case with velocity overshoot, it is difficult
to apply the Crocco form because quantities are double valued as a
function of u.

The grid for the numerical schemes in the initial boundary-layer
work used a uniform grid, and the index notationis shownin Fig. 1.

v, u

A i i+1

j+1 i
Ay, Au

Ax

Y-

Fig. 1 Uniform grid notation.

For the Crocco variables, u is the independent variable coordinate
across the boundary layer.

Early Numerical Solution Techniques
and Digital Computers

A briefindicationof the status of numericaltechniquesand digital
computers when the author was a student at Stanford University
(from July 1959 to January 1962) is now given.

Numerical Solution of Partial Differential Equations

The numerical solution of differential equations with finite dif-
ferences was investigated by Boole (1815-1864), and a book!! was
published on this work in 1860. Boole showed that analytical solu-
tions can be obtained to linear difference equations. The early work
on the numerical solution of partial differential equations (PDEs)
was mainly concerned with the stability of difference approxima-
tions. There are several classic papers such as one by Courant,
Friedrichs, and Lewy!? (CFL) (1928) where the stability of linear
hyperbolic PDEs was determined, which requires that the numeri-
cal domain of influence be equal or larger than analytical domain
of influence. This stability restriction is the CFL condition. Crank
and Nicolson'*1* (1947 and 1953) studied the stability of a linear
parabolicPDE (unsteadyheat conductionequation)and showed that
implicit difference schemes are stable, whereas explicit difference
schemes have restrictionson the allowable time-step size that can be
used. The alternating direction implicit method for time-dependent
parabolic and elliptic PDEs was initially developed by Peaceman
and Rachford" in 1955. A paper by O’Brien et al.'® (1951) is also
noteworthy because it provided a description of the von Neumann
method of stability analysis of numerical schemes that was notread-
ily available at this time.

The later books concerned with the numerical solution of PDEs
were by Hildebrand'? (1952), Richtmyer'® (1957), and Forsythe
and Wasow' (1960). In addition, Hamming® spent the academic
year 1960/1961 at Stanford writing a book and teaching a course on
numerical methods and numerical solution techniques for ordinary
differentialequations. The theme of his book and course is given on
a foreword page in the book: “The Purpose of Computing Is Insight
Not Numbers*?

Digital Computers

A significant motivation for the numerical solution of fluid dy-
namic problems originated with the Manhattan Project at Los
Alamos National Laboratory during World War II. This group had
a significant impact on the development of digital computers that
would make it feasibleto use numerical solution techniquesfor solv-
ing flow problems. The development of computers provided a new
opportunity for the utilization of the numerical techniques that had
been investigated for a number of years. The governing equations
of fluid dynamics are more complex than the equations that had
been studied, but the initial work on numerical solution techniques
provideda foundationto build upon. Evolution of computershas de-
termined the computation capabilities that have become available.

In the late 1950s, the availability of digital computers was oc-
curring at universities and the Stanford Computer Center had an
IBM 650 computer. In this time period, more advanced computers
were available at governmentlaboratories. In the book by Tannehill
et al.,’ the IBM 650 is the first computer given in their Fig. 1.1
for the trend of relative computation cost. The relative computation
cost (RCC) for a given flow and algorithm from 1953 to 1995 can
be approximated as

RCC = 101 — 5(year — 1953)/42

In 1953 an IBM 650 computer had a RCC = 10, whereas in 1992
a Cray C90 had a RCC =0.00023. The computer speed and mem-
ory capacity have increased significantly during this time period,
whereas cost has a much slower increase. This trend has continued
with the introduction of parallel computers.
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Initial Numerical Solution Techniques
for Boundary Layers

Numerical Work at Stanford University on Boundary Layers

In 1938 Prandtl and later in 1948 Gortler suggested that the
boundary-layerequations should be solved with a numerical proce-
dure. At the meeting “Fifty Years of Boundary Layer Research,” in
1955, Fliigge-Lotz*!?? presented a paper on a difference method for
the computation of the laminar compressible boundary layer. The
Crocco form of the boundary-layer equations was solved with an
explicitdifference scheme. Equations (6) are of the form where var-
ious derivatives with respectto # and dependent variables appear on
the right-hand side, and these terms are evaluated from the known
solution across the boundary layer:

af — f(fuu,fu,f, p?/"l’) ah _ g(huu»huﬁfu»f» /"l/)

ax pouU ax puu

The complete governing equations are replaced with an explicit
difference equations as follows:

(Ti+1—fi> =< f ) (hi+l_hi> =< 8 )
Ax ; puu i.j’ Ax ; puu

With initial profiles of the shear stress and enthalpy at i =1, the
right-hand side of these equations can be evaluated. New values of
the shear stress and enthalpy across the boundary layer are deter-
mined downstream at i + 1 with the preceding relations. There are
problems with obtaining the numerical solution near the wall where
u goes to zero as the grid is refined. The numerical scheme becomes
unstableif the marching step size is greater than some critical value.
Animportantconclusiongivenby Fliigge-Lotz?? is “The use of finite
differences for the computation of the boundary layer flow provides
a good means for checking the assumptions often made to shorten
boundary layer computations.” These solutions were usually com-
puted with a mechanical calculator because a digital computer was
not available for some of the early solutions of the boundary-layer
difference equations. One of the coarse grid solutions had 5 march-
ing steps and 11 grid points across the layer for a total of 55 grid
points.

The numerical solution techniques for the compressible
boundary-layerequations was developedby a group of graduate stu-
dents at Stanford University under the direction of Fliigge-Lotzover
anumber of years. The evolution of this work is described next. The
work of Fliigge-Lotz was continued by Fliigge-Lotz and Baxter?>*
and Baxter and Fliigge-Lotz > The stability of the numerical solu-
tion was carefully investigated with the following restriction on the
marching grid-size determined:

[2Pr(Au/u,)’]

This resultshows that if the grid across the boundary layer is refined
by a factor of two, the grid size Ax must be reduced by a factor of
eight. The new solutionrequired 16 times as many grid pointsas the
original solution. There were 60 examples of boundary-layer prob-
lems solved, and the numerical solutions were compared to integral
solutions and other approximate solutions. Some of the problems
solved were 1) flat plate with a variety of wall temperature variation,
2) flat plate with various pressure gradients, and 3) solutions away
from a stagnation point. The results of these studies showed that
integral and approximate methods in many cases give poor results,
whereas the numerical approach has the potential to provide very
accurate solutionsto the first-orderboundary-layerequations. How-
ever, these solutions were obtained on the IBM 650 computer (with
2000 word memory) and required significant time to run and signif-
icant time to write the computer code because computer languages
such as FORTRAN were not available. Most of the solutionsin these
works started at x /L = 1 and would go to x /L = 1.04, where L is a
reference length. It was estimated that a boundary-layersolution to
x /L =2 would require 10—400 h of computer time. At that time, the

limitations of the digital computers and numerical schemes made
the numerical solutiontoo costly and were not the right solution for
engineering problems.

As part of the work at Stanford University, Fliigge-Lotz and
Howe? were applying the finite difference method to boundary-
layer flows with suction or blowing at the wall. Further work on this
problemis givenin areportby Howe.?” The solutionspresented were
obtained on the IBM 650 computer. One problem solved was Mach
3 flow over a flat plate in this work with transpirationcooling (mass
injection at the wall) from x/L =0 to 1 and no mass transfer from
x/L =1 to 2. The solution was started at x /L = 1 with a similarity
solution obtained by Low.?® The numerical solution was compared
to integral solutions, and again there were significant differencesin
the results.

Because of the difficulties introduced by the Crocco form of
the boundary-layer equations, Fliigge-Lotz decided to solve the
boundary-layer equations in physical coordinates. Yu was the stu-
dent assigned this problem. Fliigge-Lotz and Yu?® were aware that
implicit difference schemes would give a stable numerical scheme
for the unsteady heat conduction problem. They did not consider
the implicit approach for the nonlinearboundary-layerequation be-
cause the resulting difference equations would be nonlinear and
Hartree’® had indicated that the coefficient matrix for the system
of difference equations for some problems could be ill conditioned.
They believed the solution of the implicit difference equation were
too difficult to solve. The idea was to use the previous explicit dif-
ference scheme experience with the Crocco equations to solve the
new set of governing equations. The explicit approach can be ap-
plied to the momentum and energy equation except for the eval-
uation of pv, which occurs in both equations. The value of pv is
obtained from the continuity equation, which is written in differ-
ence form. The formulation of a stable numerical scheme was a
new problem and became a very difficult task. A significant effort
was devoted to evaluation of the stability of the numerical scheme
with variousdifference schemes for the continuityequation. Two ap-
proaches were chosen after a variety of methods were considered.
One approach used the continuity equation in integral form and re-
placed pv in the momentum and energy equations with the integral

relation
Y ( dou
(Pv)i.j=/ (_ dy
0 ox )
J

This is an explicitevaluationof pv, and then a forward difference is
used to evaluate the derivativein the integral. The second approach
used a difference equation to approximate the PDE as

dov __dpu
Jy  ox
(pv); — (pv); 1 _ (ou)i 41 — (pu);
Ay . Ax -

Both of these approaches determined pv at i, j, whereas the other
dependent variables are evaluated at i 4 1. These approachesresult
inalaggingof pv in the i direction. Most of the Fliigge-Lotz and Yu
results® were obtained with the first method but the second approach
was much faster. The explicit schemes developed in Ref. 29 did
not prove to be completely satisfactory, especially at high Mach
numbers and with a heated wall. Under these conditions the step-
size requirements were so severe that it was impossible to obtain
stable solutions. For the four cases solved in this work on an IBM
650, the time required for a single marching step was 50-100 s.
For a problem with a solution from x /L =1 to 2 would require 400
steps and take 5.5-11 h of computer time. It was estimated that these
solutions on an IBM 704 would require approximately 1 h.

Author’s Work on Numerical Solution of Boundary
Layers at Stanford University

In March of 1959, I receiveda letter from Dr. Fliigge-Lotz on the
work I would be participatingin as a graduate student at Stanford
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University. She wrote, “We are planning now to attack problems in
which interaction of the boundary layer flow and the exterior has
to be considered. A problem, which in the present development of
missiles, is highly interesting and should be pushed ahead with all
intensity.” When I started working under Fliigge-Lotz, my initial as-
signmentwas to understandthe numerical scheme thatIrving Yu was
developing and then see whether there were any ways to improve
the scheme. She realized that the explicit scheme for the boundary-
layer equations in physical coordinates was not adequate. A im-
plicit numerical scheme had been used by Rouleau and Osterle’!
to solve the incompressible boundary-layer equations in physical
coordinates with a relaxation or iteration procedure. A paper had
been published by Kramer and Lieberstein'® that solved the Crocco
transformed equations with an implicit finite difference scheme to
eliminate stability problems. Dr. Fliigge-Lotzand [ met with Profes-
sor George Forsythe to seek help from a mathematician who was a
leader in the field of numerical solution of PDEs. He did not provide
any well-defined method for solving the boundary-layerequations
but encouraged further investigation of the implicit approach. As it
turned out, a large part of the authorsdissertation’>** was concerned
with developinga stable numerical scheme with reasonable compu-
tational time. A fully implicit scheme and a Crank—Nicolson-type
scheme wereinvestigatedwith auniformgrid spacingin both coordi-
nate directions. Initially the implicit numerical scheme was applied
to the boundary-layerequations in physical coordinates. For hyper-
sonic laminar boundary-layerflows, a uniform grid was not appro-
priate due to computer limitations. For this case, the velocity varies
almostlinearly over a large portion of the layer exceptnear the outer
edge, where there is arapid changein the velocity gradient. This be-
haviorrequiresa small grid size acrossthe entireboundarylayer. The
commentin the dissertationis “The immediate conclusionis that the
grid size should vary with distance from the wall, but this is rather
inconvenient.” The solution to this problem was to use the Howarth—
Dorodnitsyn coordinate transformation to obtain a new set of gov-
erning equations where the velocity varies more smoothly across the
layer.

The numerical scheme for the governing equation in physical
or transformed coordinates used the same numerical scheme. The
nonlinear derivative terms are replaced such that linear difference
equations resulted, and coefficients in the governing equations are
lagged. To make the implicit method feasible, the resulting differ-
ence equationsneed to be of tridiagonal form, which are well suited
for solution on digital computers. The problems used for the verifi-
cation of the numerical scheme and code either had exact solutions
or had been solved numerically by other procedures.

One of the issues as discussed earlier was obtaining linear differ-
ence equations. Because the viscosity is a function of the enthalpy
= u(h), the second derivative term was expressed as

9 du\ 82u+ u\ [ oh o
3y May —Mayz Hn 3y A Mh—ah

The nonlinear terms with derivatives were approximated as fol-
lows for the fully implicit scheme:

@V)it1 = @V + @iV + 0¥ + O(Ax%) + O(AY)

_oh (i =k )

ﬂ _ (Uj o —u;_y)
' dy Ay

AR Ay

i

Central differences were used for the derivativesin the y direction.
The nonlinear terms with derivatives were approximated as follows
for the Crank-Nicolson scheme:

0¥ 1= (@iVip1 + @i ¥i)/2+ O(Ay?) + O(AY?)

When the boundary conditions were included, the difference equa-
tions for the momentum and energy equations become a block tridi-

agonal equation of the form

B]W] —C1W2 B D1

u,

—A;W,_+B;W;, —C;W;,, =D;j, W; = [h’} @)
-A;W,_1+ B, W, =D,

where j =2, 3, ..., J — 1. The coefficients are 2 x 2 matrices. The
solution was obtained with the Thomas algorithm (1949), which
was given in the book by Richtmyer.!® In this solution technique,
the following relation were evaluated by starting at the wall:

o =B/ _AjEj—l

e;=a; ' (D;+Aje; ), i=23...,J

E;=a;'Cj, ji=23...,J-1

o1 O E, Ep €]
%= |:(¥21 Of221| .’ k= |:E21 E221| ’ = |:€21|.
J J J
Then the solution of the dependent variables u and /& was started at
the edge of the boundary layer and was marched toward the wall:
W, =E;W,, | +e;, j=J-1,J-2,...,1
The details of how the boundary conditions were handled have not
been included in this paper. The solution was completed with the
velocity v obtained from the finite difference form of the continuity
equation and the density from the equation of state.

The coefficients in front of the derivativesin the governingequa-
tions should be evaluatedat i + 1 for the fully implicitscheme and at
i+ % for the Crank—Nicolson scheme. The coefficients were lagged
and evaluated at i, which results in a first-order truncation error.
However, the effect of iteration at each marching step was investi-
gated for the Crank—Nicolson scheme. One iteration was performed
with predicted values at i 4 1 averaged with the values at i to obtain
a better estimate of the coefficients at the midpoint. The procedure
was shown to improvethe solutionaccuracy,and the truncationerror
would become second-orderif sufficient iterations were performed.

With the boundary-layerequationsin physicalor transformed co-
ordinates, the edge of the boundary moves away from the wall as
the solution proceeds along the wall. Because of computer limita-
tions, it was desirable to match the computational domain with the
boundary-layerregion. In the tridiagonal solution, the elements in
e; become constant as the edge of the boundary layer is reached.
The change in ¢; is monitored, and when this change is less than
some small number, the solution across the layer is stopped with
this location used as the boundary-layeredge.

For ahypersonicboundarylayerin physicalcoordinates,the rapid
change of the velocity near the boundary-layer edge was reduced
with the Howarth-Dorodnitsyn transformation, which introduces
the new coordinates (see work by Lagerstrom in Ref. 9)

y
0
0 pr

The compressible boundary-layer equations in the transformed
plane become
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A new dependent variable V was introduced as follows:

i} i}
V=ﬁv+u—n=ﬁ v—u—y
or ax  pr &

The normal velocity v or the transformed normal velocity V was
obtained from the continuity equation. The difference approxima-
tion is illustrated for the transformed continuity equation. The fully
implicit approach evaluates the equation at (i +1, j — %), which
gave a first-order approximation as

l(”i+l_ui> +l<”i+1—”i> +<Vj_vj—l> -0
2 A& i 2 A& ic1 An it

j=23,...,7

The preceding equation was used to obtain V; across the layer
starting at the wall where V; is known from the wall boundary
condition. The Crank—Nicolson approach evaluates the equation at
i+ %, Jj— %), which gave a second-orderapproximationand is the
box scheme approach:

1w —uy +1 Uip1 — U;
2 AE i 2 A& o

J

2 An i+1 2 An i

Ifthere were any inaccuraciesin theinitial valuesof V, this approach
gave wiggles that were slowly damped.

The outer edge behavior of the tangential velocity profile was il-
lustratedin the author’s dissertation,’? and is reproducedin Fig. 2 for
physical coordinates (nondimensionalycoordinate)and in Fig. 3 for
the transform coordinates. Figures 2 and 3 include the initial pro-
file (solid curve), the numerical solution at downstream location
(symbols), and the similar solution at the same downstream loca-
tion (dashed curve). The transformed approach allows a significant
reductionin the number of grid points required across the boundary
layer, especially at large Mach numbers. In addition, the result in
Fig. 3 shows the finite difference solution is in excellent agreement
with the similarity solution of Low** and helps to provide verifica-
tion of the code.

After a significant part of the implicit differencescheme had been
developed, Stanford University acquireda Burroughs 220 computer,
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Fig. 2 Physical coordinate solution for velocity across boundary layer
on a flat plate with M, =9.6.
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Fig. 3 Transformed coordinate solution for velocity across boundary
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Fig. 4 Skin-friction parameter with Sutherland viscosity law for flow
downstream of transpiration cooled region.

which used ALGOL programming language. This computer was
about five times as fast as the IBM 650, and it was significantly eas-
ier and faster to write codes with the ALGOL language. As further
verification of the implicit solution procedure and the new ALGOL
code for the Burroughs 220 computer, a problem that had been
carefully solved by Howe?” with the Fliigge-Lotz and Baxter* ex-
plicit scheme was investigated. The problem was the Mach 3 flow
over a flat plate where the wall was porous from the leading edge
to x/L =1 with mass injection in this region. The plate was solid
fromx/L =1to x/L =2. Theinitial conditions were obtained from
Low?? and were applied at x/L = 1. The Low similarity solutions
use a linear viscosity law. When both of the numerical solutions
use a linear viscosity law, the Howe explicit code?’ and the implicit
code results for skin friction appear to be converging to the same
result. However, when the explicit code and the implicit code used
the Sutherland viscosity law, the skin friction results from the two
codes do not appear to converge to the same answer, as shown in
Fig. 4. Although the differences were less than 5%, it was disturbing
that the solutions do not become the same as the grid was refined.
The grid refinement studies of the implicit code indicated that these
results were within 1% of the exact solution. To obtain a better esti-
mation of the accuracy of the explicit code solutions, a further grid
refinement was needed to determine if the available solution was
sufficiently converged. Howe’s code was written for the IBM 650
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and required a significant amount of computer time. Fliigge-Lotz
convinced the director of the Stanford computer center to give us
the IBM computer for a day. John Howe kindly agreed to help and
came to the computer center early in the morning and started his
code, which he had not used for a year or two. I stayed at the com-
puter center all day in case there were any problems and checked
on the progress of the solution. Late that afternoon Howe showed
up, and we were convinced that the new solution was not signifi-
cantly different from his original solution. The difference between
the explicitcode and the implicitcode with Sutherland viscosity law
was never resolved. The original solution by Howe used 2500 steps
along the flat plate and 20 grid points across the boundarylayer. This
solution on the IBM 650 required 7.5 h. The implicit solution for
this problem used as many as 500 steps along the flat plate and from
10 to 25 points were used across the boundary layer. The implicit
solutions on the Burroughs 220 required 11-22 min. It is estimated
that the explicit code would require 90 min on the Burroughs 220.
The implicit code had proven to be stable and faster than the explicit
solution approach.

The numerical solution of the hypersonic boundary-layer flow
along a flat plate with interaction with the inviscid flow was the
original objective of the author’s dissertation. For this problem, the
pressure along the plate must be determined as part of the solution.
See Hayes and Probstein® for more information on this problem.
With a reasonable computational technique developed, it became
feasible to solve this problem. A procedure was developed to ob-
tain the pressure as the solution was marched along the flat plate.
At each marching step, an iterative method was used to obtain the
pressure due to the displacement thickness of the boundary layer
influencing the exterior flow and changing the pressure. The numer-
ical predictions were compared with experimental and analytical
results, and good agreementbetween the numerical predictions and
data was obtained. Finally the original objective of my work had
been completed. One of Fliigge-Lotz’s departing comments was,
“The problem of turbulence should be avoided, as one could spend
their career on the subject without producing very much.”

Further Work at Stanford University on the Numerical
Solution of Boundary-Layer Flows

About six months before the author finished at Stanford Univer-
sity,two new studentsstarted to work under Fliigge-Lotz.Both Davis
and Fannelop began investigating the finite-difference solution of
the first- and second-orderboundary-layerequations. This work re-
ceived significant help from Van Dyke because he had developed
the fundamental theory and was interested in obtaining solutions
to these equations. The implicit solution technique was extended
by Davis and Fliigge-Lotz***” to the second-order boundary-layer
equations for hypersonic flow over axisymmetric blunt bodies. A
significant observation in this work was made by Davis that one
could write a set of parabolicgoverningequationsthat could be used
tosolvethe completeshocklayer. This approach was laterdeveloped
by Davis into the viscous shock layer method with the numerical
solution obtained with the implicit finite difference marching ap-
proach. Fannelop and Fliigge-Lotz*%3 investigated second-order
boundary-layerflow over two-dimensionalblunt bodies at low den-
sities. The predictions were compared to experimental data. In both
of these studies, the governing equations are solved in physical co-
ordinates.

Two other students continued the boundary-layerstudies for two
problems that Fliigge-Lotz had indicated that she wanted me to in-
vestigate. The first problem was given to Reyhner (see Reyhner
and Fliigge-Lotz*>*!) and was concerned with solving the laminar
boundary layer near the region where an impinging shock wave
interacts with the boundary-layer flow. This problem requires the
ability to handle separated flow with a region of reverse flow. The
problemalsorequiredthatdisplacementinteractionwith the inviscid
flow be included with the pressure gradientobtainedas partof the so-
lution. A technique was developedfor the reverse flow region where
pu(du/dx)inthe momentumequationand pu(du/dx) inthe energy
equation were neglected. This procedure allows marching of the so-
lution through the reverse flow region and still provided reasonably

accurate results. This approach was called the FLARE approxima-
tion by Williams.** The second problem was given to Plotkin (see
Plotkin and Fliigge-Lotz****) and was concerned with the prediction
of the wake behinda finite length flat plate. Near the trailingedge, the
Navier-Stokes equations are required to model this flow correctly.
In this work, the boundary-layerequations were initially solved with
the implicit finite difference scheme. Then the momentum equation
was modified with a second derivative term that makes the equation
elliptic. This equation was solved with an iterative procedure and
provided an improved solution for this flow problem.

Other Numerical Work on Boundary Layers

There were several other people investigating numerical tech-
niques for solving the boundary layer equations. Fliigge-Lotz was
in contact with A. M. O. Smith at Douglas Aircraft Company and
was aware of their efforts. The first paper in 1962 from this group
was by Wu*>4¢ where an explicitdifference scheme was being used
to solve the compressible equations in physical coordinates. The
Howarth-Dorodnitsyn transformed equations were also used to im-
provethe stabilityrequirements. A flat plateboundary-layersolution
was presented that starts at the leading edge, and the solution was
obtained 1 m downstream. The initial condition at the leading edge
was uniform freestream flow with zero velocity at the wall. This
solution approachhas a transitionregion where the solution was not
the correct Blasius solution until a sufficient number of steps have
been taken along the wall. The length of this transition region was
a function of the marching step size, and the solution was grid de-
pendent. The numerical technique for the continuity equation was
an implicit approach and was the same as used by Fliigge-Lotz and
Blottner* for the fully implicit scheme. This form of the difference
equation for the continuity equation appears to be what was missing
in the explicit scheme developed by Fliigge-Lotz and Yu.?’

Smith and Clutter*’ (also Jaffe and Smith*®) investigated a solu-
tion technique that reduced the PDEs to ordinary differential equa-
tions across the boundary layer. This reduction was achieved by
replacing the derivatives in the direction along the wall with finite
difference relations. The resulting ordinary differential equations
were first written as a system of first-order equations and were then
solved with a shooting technique. For the incompressible case, the
two velocity components are zero, and the shear stress is speci-
fied at the wall. A ordinary differential equation solver was used to
march the solution across the boundary layer where the u velocity
should match the inviscid u velocity. The shear stress is adjusted
until the boundary edge boundary condition has been satisfied. This
approachnever worked very well because the solutions tend to blow
up as the solution is marched across the boundary layer. The prob-
lem with this approach was nicely explained by Fay and Kaye*’
several years later. They showed that a simplified model equation
for the momentum, energy or species was of the form

dPw dw w(0) = wy
— + o — —ow =0,
dn? dn w(00) =0

From the theory of two-point boundary-value problems, a unique
solution exist if av, > 0. The general solution was

w = Cre " + Cre™"

T = ((xl +\/(xf+4(x2)/2 >0
= (—(xl +\/a12+4a2)/2 >0

The exact solutionto this problem gave the constantsas C; = wg and
C, =0. The boundary conditions for the shooting technique were

(dw) ,
- = w)
dn =0

The constantC, = (wot; + wy)/(T; + 72), whereasthe correctvalue
of this constant is zero. This requires that wy, = — 7, wy. If this con-
dition is not satisfied exactly, the second term in the solution goes

w(0) = wo,
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to infinity as n — o0o. The shooting technique was not the appro-
priate approach for solving two-point boundary-value problems of
this type. As the boundary layer work evolved at Douglas Aircraft
Company, Smith and Cebeci went to the implicit box scheme that
had been developed by Keller™ in 1970.

Additional Physics and Improved Numerical Scheme

The author worked at the General Electric Company in the Space
Sciences Laboratory in King of Prussia, Pennsylvania, from 1962
to 1966. Initially I worked on three-dimensionalmethod of charac-
teristics for solving supersonicand hypersonicinviscid flows. How-
ever at that time, there was a critical need to predict the electron
density around reentry vehicles and soon I was working on chem-
ically reacting boundary-layer flows. This is a problem that has
not been possible to investigate experimentally in a ground facility.
The U.S. Air Force had a large effort under the direction of The
Aerospace Corporation to develop numerical solution techniques
for hypersonic aerodynamics. The previous boundary-layer work
had indicated the need for further development of the numerical
scheme and the problem of interest required that the boundary-layer
equations had to be extended with new physics. Also the boundary-
layer code had to handle problems where the solutions could start
at the stagnation point of a blunt body or at the tip of a sharp
cone. The developmentof the General Electric (GE) laminar, chem-
ically reacting, boundary-layer code resulted from previous work
done at Stanford and with the help of many GE colleagues. Some
of the different features of the boundary-layer code are described
subsequently.

Additional Physics for Chemically Reacting Boundary-Layer Flows

The major objectiveof the work was the predictionof the electron
density in the boundary layer on slender vehicles by employing the
available numerical solution scheme developed at Stanford Univer-
sity. For high-speed vehicles, the presence of ionized species in the
boundary layer contributes to transmission interference of electro-
magnetic signals to and from the vehicle. The boundary-layerprob-
lem is particularly important for slender configurations because it is
the principal source of high-temperature gas where chemical reac-
tions occur. In addition, a detailed knowledge of the boundary layer
at the rear of the vehicle was a necessary initial condition for the
prediction of wake properties that have important impact on prob-
lems of detection and discrimination of reentry vehicles. For these
problems, the gas was at sufficiently high temperatures that the gas
becomes dissociated and ionized and chemical nonequilibrium ef-
fects had to be included.

To handle the additional physics, modifications to the perfect gas
boundary-layerequations were required. The perfect gas boundary-
layerequationsfor continuity and momentum stay in the same form,
but the density p and the velocity v were obtained from the relations

Ns Ny
p=2_p =2 p

s=1 s=1

where N; is the number of chemical species and v, is the velocity
of species s relative to a fixed coordinate system. The Sutherland
viscosity law must be replaced with a viscosity that is appropriate
for the gas mixture. The energy equation requires two additional
terms (underlined) and becomes

ST, oT _dp 0 (T (o :
uc,— ve,— =u—~+ —| k— —
p P 9x pves ay dx 9y ay H ay

Ny Ns
- % Z Cpods = Z hobs

s=1 s=1

The first underlined term added takes into account the transport of
energy due to diffusion of all of the chemical species, whereas the
second underlined term accounts for energy produced or consumed
due to chemical reactions. For the boundary layer, the relative mass

flux j; becomes, for multicomponent diffusion with ordinary (con-
centration gradients) and thermal diffusion effects included,

Ny T
. 2 - d¢, L 0T
= L,— 4 ==
I Pr ; "y T dy
- Les t=s c,
Ly=1 " . opr=t
ALy, t#s k

where L, is an effective Lewis—Semenov number for ordinary dif-
fusion and LT is a thermal Lewis—Semenov number. If Fick’s law
of diffusion is assumed, then AL;, =0 and Le, must be the same
for all species to have a consistent approximation with the sum of
Js over all species equal to zero. The procedure to calculate the ef-
fective Lewis—Semenov numbers L, was described in a paper by
the author$

The governing conservation equations were completed with the
addition of N; conservation of species equations and the first-order
boundary layer theory gives

0 0 a . .
—(rppsu) + —(rpo5v) = —rp——(j;) + rpwy
ax ay ay

S=1,2,...,N,, ry = rp(x)
where w; is the chemical productionterm for species s. Because the
following relations must be satisfied:

Ny Ny
Y=o > iy =0

s=1 s=1

the sum of the precedingspeciesequationsfor all of the species gives
the continuity equation as given in Eq. (1). The species equations
were written in terms of the species mass fraction ¢; = p;/p and
become

s

s 4 acs 0 () +
u— v— = ——(J, wy,
Py TP 5y U

s=1,2,...,N;
Only N, — 1 of the species equations were required because the sum
of all of the species must equal unity, and this relation can be used
to find the last species (usually molecular nitrogen for air).

For a multicomponent gas mixture with N, distinct chemical
speciesand N, simultaneous chemical reactions, the stoichiometric
relations were written as

Ny Ny
DX, &) X,

s=1 s=1

r=1,2,...,N, )

The quantities X represent the chemical species where «,; and S,
are the stoichiometric coefficients. The net rate of production of
species s per unit volume is the sum of the production from all of
the reactions and is

Ny
i, =My, Y (Brs — ) (Ry, — Ryy) ©)

r=1

The forward and backward [reactions are going to right and left in
Eq. (8), respectively]reactionrates for the r reactions were obtained
from

where k;, and k,, are the forward and backward reaction rate co-
efficients, respectively. The reaction rates are a function of the gas
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temperature when the gas is in thermal equilibrium. The rate coef-
ficients were approximated with the curve fit relations

kp, = T exp(Co, 4+ C\,/T), ky, = T exp(Dy, + Dy, /T)
where the coefficients must be provided for each chemical reaction.

The equation of state (5) also needs a new relation for the molec-
ular weight of the mixture and was obtained from

Ns
o1/ $ ()

s=1

where M, is the molecular weight of species s. In addition, the
thermodynamic and transport properties of the gas mixture must be
determined from the species properties. The frozen specific heat at
constant pressure was obtained from

Ny
Cp = E CsCps

s=1

The specific heat ¢,,; and enthalpy &, of species s are required as a
function of temperature. The individual species transport properties
are required for viscosity p, and binary diffusion coefficients D;.
The mixture viscosity u and thermal conductivityk were determined
from Wilke’s mixture rules (see Refs. 51-53). The thermal conduc-
tivity is related to the species viscosity and specific heat. The species
viscosity and binary diffusion coefficients were approximated with
curve fits of the form

11, = eCns TAus bor 48 D,, = peCs T4 b+ (10

The least-square curve fit coefficients A,;, B,,, and C,, were
obtained with a quadratic approximation x =A,y*+ B,y +C,,
where x = bupy and y= € T. A similar approach was used for
the binary diffusion coefficients.

Further Development of Boundary-Layer Solution Scheme

One of the problems with the previous boundary-layer work was
obtaininginitial conditions for starting the solutions. Similarity so-
lutions were used, but the assumptions used in these solutions were
not always consistent with the nonsimilar boundary-layer solution
beingobtaineddownstream. The Levy—Lees transformed boundary-
layerequationsprovide a system of governingequations that reduce
to the similar equations at the stagnation point and the tip of a cone
or leading edge of a flat plate. This transformation allows larger
marching step sizes in the marching direction along the wall with-
outan increase in numerical error. In addition, the Levy—Lees trans-
formation includes the Howarth-Doronitsyn transformation, which
provides smoother hypersonic boundary-layer profiles.

Similarity coordinates were obtained with the Levy-Lees
transformation

x iy . K y
£(x) = / (o) uer,’ dx, N, y) =ucry,/ —/ pdy
0 25 0

A new dependent variable formulation was used with the variables
F,V, and 6 defined as

u an  por
qu_e’ V=2%'|:Fa—x+\/éi|/[(pﬂ)r”er}f]’ 0

In these definitions, the variable V was introduced rather than the
usual stream function variable f, which gave a simpler form of
the governing equations. The evaluation of the normal velocity v
was not required for the boundary-layer solution and is difficult to
obtain from the variable V because dn/dx is not readily available.
However, in 1993 a procedure to calculate the normal velocity was

S~

given by Pruett.>* The governing boundary-layer equations were

transformed to the  — V — 6 similar form, which gave

258F+ WV i F=o0
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where the following notation was introduced:

()(%)
g==1=
u, dé
For flat plate flow, &« = u?/c, T, and B =0, whereas at a stagnation
pointe =0and g = 1 for two-dimensionalflow ande =0 and § = %
for axisymmetric flow. The similar equations for compressible flow
become Eq. (11) with the first term in each equation set to zero,
since £ =0.

To improve the robustness of the numerical scheme, the vari-

able V was evaluatedatih = (i + %) and the difference form of the
continuity equation was written as

Fioi—F Fipi - F ViZ Vi
ih + +
5/ [( AE ) ( AE )'_1} ( AT] >ih

J J

F,+F;_, F,+F;_,
——— ——— :0
+< 4 >i+l+< 4 i

This difference equation is second order in both coordinate direc-
tions. The continuityequationwas uncoupledfrom the other coupled
equations that were solved with the tridiagonal solver.

The derivatives were linearized as done in earlier work, and the
coefficientsin the governingequations were lagged and evaluatedat
i ratherthan at ih. The speciesequationshave a chemical production
sourceterm W = w, / p thatis a functionof density, temperature,and
mass fractionof chemical species. The density was replaced with the
equation of state. The production term was linearized and written
in implicit form as

e _u
o =

~ (ow),” c,T.
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s=1

The chemical production terms produce stiff differential equations,
anditis very importantto use an implicitnumerical scheme for these
equations, as discussed by Curtiss and Hirschfelder?® The evalua-
tion of the derivativesis givenin a GE report,>® and the development
is somewhat lengthy. The GE boundary-layer code coupled all of
the species equations, with the momentum and energy equations,
but the continuity equation was uncoupled. This procedure tends
to be more robust than uncoupling the equations. However, the full
storage capacity of the computers were required for relatively small
chemical models. Later work started to investigate the uncoupling
of the species equations and how the production term should be
formulated.

Another boundary-layer code based on the work already de-
scribed was developed by Levine,”” who was in the engineering
groupin the Missile and Space Division of GE. Later, Levine moved
to the Air Force Research Laboratory in Edwards, California,and he
further developed the Stanford/GE boundary-layernumerical solu-
tion methodologyfor analysisof rocketnozzle flows. His boundary-
layer code is still being used today.
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Chemically Reacting Boundary-Layer Results

The initial problem investigated was a binary gas mixture (atomic
and molecular oxygen) with simplified thermodynamic and trans-
port properties. The flow over a flat plate with insulated and non-
catalytic wall with freestream conditions of Mach 15 and altitude
of 100,000 ft was calculated. This problem provided a check of
the formulation, numerical solution, and computer code and were
compared with results from two approximate solutions developed
by Chung—Anderson®® and Rae.*® The comparison of the finite dif-
ference solution with the approximate solutions are given in Fig. 5
which shows the three predictions are in reasonable agreement. The
initial work at GE was first presented at a meeting®® in August 1963.
The materialin this presentation was published as a GE report’® and
later as an article.®!

Further developmentof the gas model was accomplished for ion-
ized air with 6 chemical species, O, O,, N, N,, NO, and NO*, and
11 chemical reactions. The specific heat and enthalpy of the species
were obtained from analytical equations that included translation,
rotation, and vibration energies. The viscosities of the species were
obtained from collision integrals for dissociated air as given by Yun
and Mason.%? The viscosities were approximated with curve fits as
described earlier. The boundary-layer flow on a sharp cone with
10-deg half-angle was computed with the finite difference scheme
for ionized air. The freestream velocity was 22,000 fps, and the alti-
tude was 100,000-150,000 ft. The boundary-layeredge properties
were constant. At the wall, the gas was in chemical equilibrium. The
solutions were obtained from the cone tip to 15 ft downstream. The
maximum electron density along the body is given in Fig. 6, which
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Fig. 5 Mass fraction of atomic oxygen at the wall for an insulated and
noncatalytic flat plate boundary-layer flow.
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Fig. 6 Maximum electron density in the boundary layer on a sharp
cone.

correlates the predictions for different cases in terms of boundary-
layer edge properties and the peak temperature 7p in the boundary
layer at the tip of the cone. Results from four finite difference solu-
tions are presented. Multistrip predictionsof Pallone et al.®* and the
approximate theory of Levinsky and Fernandez** are also shown
in Fig. 6. The correlation is satisfactory, and the finite difference
results are in reasonable agreement with the other predictions. The
real test of the code is comparison of predictions to flight data that
did not exist at that time. The work on ionized gases was published
as a GE report,® with more details given in the report than in the
AIAA Journal %

Further Development of Codes
and Numerical Techniques

Sandia Chemically Reacting Boundary-Layer Code

In 1966 the author returned to Sandia National Laboratories and
continuedto work on boundarylayer flows with chemicalreactions.
The GE/U.S. Air Force boundary-layercode remained at GE due to
proprietaryrestrictionson the code. A new code was started with the
objectiveof developinga capability to handle arbitrary multicompo-
nent gas mixtures. Also the interest was in solving boundary-layer
flows with ablation products where there can be a large number of
chemical species. The previous work had shown that a gas model
with 11 species and 20 reactions required nearly the full capacity of
a IBM 7094 computer with 32,000-word memory. It was decided
to solve the governing equations in an uncoupled manner, where
the computer memory requirements would be less demanding. The
coupled method lagged the evaluation of the coefficient in the gov-
erning equation, and the truncation error was of order the step size
Ax. The uncoupled method also has a truncation error of the order
of step size Ax. The solution accuracy of the two approaches should
be similar. The main concern with the uncoupled method was the
impact on the stability of the numerical solution scheme. It was dis-
covered that the order of solution of the governing equations was
important. First the momentum equation was solved to obtain the
tangential velocity. Next, the continuity equation was solved to ob-
tain the transformed normal velocity V. Then the species equations
were solved before the energy equation. The truncation error of the
numerical scheme could be improved with iteration at each march-
ing step, but calculations showed that iteration was not necessary.
To improve solution accuracy, it was better to reduce the marching
grid size rather than iterating at each marching step.

The Sandia code has additional capabilities and is easier to use
than the previous code developed at GE. The major improvements
were as follows: 1) Numerical scheme is improved. 2) Solution for
the initial profiles is included. 3) Thin viscous shock layer can be
solved at the stagnationpoint.4) Variable grid sizes across layer and
variable boundary layer thickness are available. 5) Complete mul-
ticomponent diffusion is included. 6) Additional boundary layer
properties are determined. 7) Updated transport properties are em-
ployed. 8) Arbitrary body shape is available.

The linearization of the production term in the species equa-
tion has a very significant impact on the stability of the numerical
scheme. The production term for species s was written as

w/p = on - le Cs

In this equation, the mass fraction c¢; was evaluated implicitly at
(i +1), whereas the coefficients were lagged and evaluated at (7).
For a binary gas mixture of oxygen with the chemical reaction
0, +M, 20+ M, Eq. (9) gives for atomic oxygen, s =0,

W;-U = Mum-A(2}/02), WYI = 2kh/02yx Ym,

Vs = CA&'/waa A= kfpyMl

Because the element oxygen is constant or nearly constant in an
air mixture, the relation y© =2y, + y, was used to rewrite the
preceding relations as

W;-U = waA(yO)a WYI = 2th2K-VM1 + A
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Because y© is a constant, the coefficient W? is independentof the
mass fraction of the oxygen species. Further details of the lineariza-
tion of the production terms for air mixture are given in the Sandia
report.%’

The actual time required per step for the uncoupled method as
given in the review paper® and the earlier GE coupled method is
given in Fig. 7. The uncoupled code on an IBM 7094 could handle
more than twice as many species without any increase in compu-
tation time. At the time this work was being done, the coupled
approach did not seem appropriate due to the rapid increase in
computational time and storage requirements. Because present-day
computers are significantly faster and have very large memories, a
multicomponent,reactingboundary-layercode written today should
consider coupling all of the equations together and include other
numerical improvements that will be discussed subsequently. The
coupled approach provides a more stable numerical scheme and a
more robust code. The most appropriate solution procedure should
be reevaluated as the computer capabilities change.

Initial results from the Sandia boundary-layer code were
presented®® in September 1967 at an AGARD Seminar at the Na-
tional Physics Laboratory in England. As part of this meeting,
Clark H. Lewis®® had requested four investigators to use their
boundary-layer codes to predict the flow on a hyperboloid. The
freestream flow conditions were an altitude of 100,000 ft. and a
velocity of 20,000 ft/s, with a wall temperature of 1000 K. The
boundary-layer edge conditions were provided by Lewis and are
given in the paper by Blottner.® The heat transfer (Stanton number)
results along the body surface from the stagnationpointto the end of
the body are presented in Fig. 8. The four codes used different gas
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models: perfect gas, equilibrium air, and nonequilibrium air with
equilibrium conditions at the wall. Therefore, one would not expect
perfect agreement between the results. With this type of compari-
son of codes, it is difficult to evaluate the accuracy of the numerical
solutions from the various codes.

At this meeting the author became aware of Richardson’s h?—
extrapolationmethod in a paper presented by Cooke and Mangler”
on the numerical solution of boundary-layerequations for an ideal
gas. The purpose of using Richardson extrapolation was to obtain
more accurate results without using a large number of grid points
across the boundary. Two or three coarse grid solutions could be
used to obtain a solution of the desired accuracy rather than having
to use a very fine grid. The fine grid solution would be impossi-
ble to obtain because the available computer capabilities were not
sufficient. Another interesting paper on boundary-layer flows of a
gas mixture in chemical equilibrium was presented by Kendall and
Bartlett,”! and this work developed into the well known BLIMP
code.”? Also, the author renewed his friendship with Davis, which
resulted in Davis spending the summer of 1968 at Sandia, where he
worked on adding the governing equations for a reacting gas mix-
ture into his viscous shock-layercode. This provided the capability
to do chemically reacting blunt-body flows.

The Sandia boundary-layercode was further developed and doc-
umented in a Sandia report,’” with a complete discussion of the
numerical scheme, physics included in the code, listing of the code,
and three example problems. (Requests for this report are still being
received.) The transport properties in this code are based on work
performed by Yos” for Sandia. The collision cross sections for the
atomic and molecularinteractionsin these results are obtained from
calculations of Yun and Mason® and Yun et al.”* Curve fits of the
viscosity and binary diffusion coefficients of the species are of the
form givenin Eq. (10). The thermodynamicpropertiesof the species
are based on the calculations of Browne (see Ref. 6), where a table
look-up method is used. The code includes thermodynamic proper-
ties for 20 species: O,, N,, O, N, NO, NO™, CO, CO,, CN, C;, C,,
C;, N™, NS, H, H,, OH, H,O0, AR, and Ar". The code was written
such that other gas models can be used if additional species proper-
ties are added to the code. The reactions included in the gas model
are arbitrary and can be changed with input to the code. With these
improvements to the physics of the code, more accurate predictions
were possible. The solution of the thin viscous shock layer at the
stagnation point is also an option in the code. Predictions of the
flow at the stagnation point of a body at altitudes from 100,000 to
250,000 ft for air in chemical nonequilibrium using this code are
presented in Ref. 75.

Variable Grid Scheme

The need for variable grid spacing across the boundary layer
has already been shown to be important for hypersonic flows, with
the governing equations in physical coordinates. Also the need for
variable spacing is necessary for turbulent boundary-layer flows,
as shown in Fig. 9. For 1% accuracy of the wall shear stress, the
number of grid points goes from approximately 700 with a uniform
grid to around 25 with a variable grid spacing. This result is for
an algebraic turbulence model and the grid spacingis h; ., =«h;,
where h; =y; — y;_1. Keller and Cebeci’® were very successfulin
solvingturbulentboundary layers with the box scheme thathad been
developed by Keller.>® The finite difference scheme developed by
the present author was extended to variable grid spacing in Ref. 77.
The first derivative can be written as

IW Wi — W, W, —W,;_
y /,; Yit1 = Y; Yi—Yi-1
1
_E[a(l + k) — I]Wyyhj 4+ ...

If @ =1/(1+«), then the approximation is second order. If the
usual assumption is used that @ =« /(1 4+ «), the approximation is
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first order for a nonuniform grid and the derivative becomes

oW\ Wi — W, — )k,
<_> S Wiy DN Loy a)
dy j Yi+1 = Vj-1 2

Another approach is to introduce a coordinate transformation
y; =y;(n), where a uniform grid spacing An is used in the
new variable. The first derivative becomes, in the new coordinate

system,
— ) ==/
ay i an i

oW Wi —W,_
— ) == ity O(An?)
an i 2An

The coordinate derivative is approximated as

dy Yi+1 = Yi-1 2
== =T 1 O(A
) (877) 241 (An7)

J

The first derivative becomes second order in terms of the 1 coordi-
nate system:

<ﬂ> e R LOYY
dy j (Yj+1—Yj—1)

This equation uses the same difference approximation for the first
derivative as Eq. (12), but now the order has changed from first to
second with this interpretation. Following the same procedure, the
second derivativecan be written as a second-orderapproximationin
the n coordinatesystem. The variable grid scheme uses a nonuniform
grid where one starts with the finest grid and then removes every
other grid point to obtain a coarser grid. This process is repeated
to obtain a series of grids. With this approach, the construction
proceeds from fine to coarse grid. If the grid has a constant value
of the grid ratio between adjacent intervals (x =const), then the
value of « is reduced as the grid is refined. The interval ratio on
the finer grid equals the square root of the interval ratio on the fine
grid, Kgner = A/Kfine- Therefore as the grid is refined, the intervalratio
approaches one, and the grid approachesa uniform grid.

In the work of Keller with the box scheme,>® Richardson extrapo-
lation was used to improve the accuracy of the numerical solutions.
The objective was not to obtain highly accurateresults, but to obtain
reasonably accurate results from solutions on relative coarse grids.
This is the same idea as discussed earlier that was used by Cooke
and Mangler® In the variable grid scheme work, the Richardson
extrapolationprocedure was used to provide an estimate of the exact

solution and a way to check the order of the scheme. To determine
whether the variable grid scheme was second order, a flat plate tur-
bulent boundary-layer problem investigated by Keller and Cebeci
was used. The problem was solved with five grids across the bound-
ary layer with x = 1.82and An =10, 20, 40, 80, and 160 and a fixed
grid along the flat plate. For the case of halving the grid spacing as
the grid is refined, the Richardson extrapolationrelation is

chacl ~ WRE = w(Aﬂ) + [w(Aﬂ) - w(ZAW)]/3

where w(An) is the numerical solution on the finest grid. The dis-
cretizationerror e at any grid point (x;, ;) is equal to the difference
between the exact solution of the difference equation w and the ex-
act solution of the differential equation W. This givese=w — W.
Richardson extrapolation assumes that the discretization error be-
havior dependson the numerical scheme, and for central differences
the form for two-dimensional problems is

e= (azAx2+(x4Ax4+~~~)+(ﬁ2An2+ﬁ4An4+...)

If numerical solutions on a coarse grid with intervals (Ax, 2An)
and a refined grid with intervals (Ax, An) are obtained, combining
these two results gives the exact solution as

W = Wgp —aa Ax* — ByAn* — - -

where the Richardson extrapolationresult is equivalent to a fourth-
order numerical scheme in the n coordinate direction.

The grid refinement procedure for the box scheme uses a coarse
nonuniform basic grid with an arbitrary distribution of basic grid
points. A refined grid is obtained by introducing uniform grids
between the basic grid points. This is referred to as a piecewise-
uniform grid, and construction proceeds from coarse to fine grid.
One of the results of the variable grid scheme work is given in
Fig. 10, where the skin-friction percent error at the end of the flat
plate (Re, =1.88 x 10°) is given as the number of intervals A7 is
increased. The solution accuracy for the box scheme and the vari-
able grid scheme are nearly the same, and both show second-order
behavior for this problem.

The variable grid scheme has been recently used by Wilcox”® for
solving a large variety of turbulent flow problems governed by the
boundary-layerequations. The boundary-layercode providedin his
book is based on this numerical scheme.

Further Studies on Linearization and Coupling of Equations

The earlier work before the variable grid scheme development
did not adequately investigate the accuracy of the implicit numeri-
cal scheme or try to improve the truncation error, especially in the
marching direction. As indicated earlier, the emphasis was on ob-
taining numerical solutions to engineering problems that required
answers. The implicit numerical scheme was stable, second order
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across the layer, the solutions were converging as the grid was re-
fined, and the solutions appeared to be reasonably accurate. The nu-
merical scheme laggedthe evaluationof the coefficientsin the differ-
ential equations that results in first-order behavior in the marching
direction. With the Levy-Lees coordinates, most of the variables
have a slow variation in the marching direction, and the first-order
scheme in the marching direction provided the needed solutions
withouttoo much computertime. When a more accurate scheme was
desired, a Picard type of iteration was performed at each marching
step to increase the scheme to second order. Another error that had
been neglected was due to the incomplete coupling of the govern-
ing equations with the continuity equation. With iteration at each
marching step, the coupling error can be removed. However the
earlier numerical scheme required a large number of iterations to
improve the solution, and it seemed better to reduce the marching
step size and not iterate. An investigation of the linearization and
coupling issues was made by the author,”” and a further extension
of the work was documentedin a Sandia report 3’ which were notes
used in a course at North Carolina State University.

For the linearizationinvestigation, the incompressible boundary-
layerequations were used and transformed with the Levy—Lees vari-
ables. The governing equations become the continuity and momen-
tum equations, which are givenin Eq. (11) withd =1 and/ =1. All
of the dependent variables appear linearly in the continuity equa-
tion, but there are three nonlinear terms in the momentum equation.
These terms are represented as a function f (¢, V), where the vari-
ables ¢ and ¥ represent the dependent variables or derivatives of
the dependent variables at (i + 1) or ih=1i 4+ 1/2. If f =@y, then
the linearized expansion in delta form is

oY = @Y + Vg + sy + - -- (13)

where the delta-dependent variables are o =¢ —¢ and 8y =
U= gh The variables ¢ and gh are an initial guess of the values
of the variables ¢ and . The linearization of the three terms in
the momentum equation are obtained from Eq. (13) and become in
delta form

F? = F* 4+ (2F)8F, SF=F—F

and variables are at (i + 1)

F? | — F? 2
[FE} =( i+1 l)+<F+ >8E+1
ag ih (ZAE) AE

or Vin,
n ih.j i+1

where
—_ J— —_ + | —
an in 2 dn i1 an idj
OFN  _(F = Fi
an i 2An ;

Complete linearizationof the boundary-layerequations can become
difficult as more physics is included. To obtain quadratic conver-
gence with Newton’s iterative solution method, complete lineariza-
tion is needed. In 1989, a paper on the linearization of the incom-
pressible turbulent boundary layer equation was published by Jang
etal®!

For the coupled approach, the linearized form of the momentum
and continuity equations with delta dependent variables are

—A\SF;_ | + B|\8F; — C\8F; | + B8V, = D,
—AySF; i+ BySF; — ApdV,_ 4+ BpdV, = D,  (14)

where delta variables § F are at i 4+ 1 and the § V variables are at ih.
When these equations are completed with the boundary conditions,

the equations are of block tridiagonal form given in Eq. (7), where
W;=[dF, 8Vj]T. These equations are solved with the Thomas al-
gorithm for tridiagonal equations, which can be used for scalar or
block tridiagonal equations. The computer time and memory re-
quirements for solving block tridiagonal equation is significantly
largerthan scalar tridiagonalequations. For the uncoupledapproach
the preceding equations become

—AndF;_1+ BéF; — Ci16F;, 1 = Dy

Bzz(SVj = D2 +A228Vj_1 +A218FI~_1 - BZI(SFj

These equations require one scalar tridiagonal solution and one al-
gebraic solution for each iteration.

The importance of coupling the governing equations was inves-
tigated for the Howard problem (see Schlichting,' page 163) where
the boundary-layeredge velocity decreases linearly as follows:

Ue/hog =1—x/L =-/1—(2¢/L), B=

(2&/D)[¢/L)~1]

15)
The incompressible flow case was solved with reference length
L=8,0=1n<6,An=0.2,and A£=0.2,0.1,0.05,0.025,0.0125,
and 0.00625. This problem was solved with both the coupled and
uncoupled approach. With the uncoupled Crank—Nicolson (UCN)
approach, the momentum equation was solved first, and then the
continuity was solved. At each marching step, the solution was iter-
ated various number of times (1, 5,9, 19), and the impact on the skin
friction at the wall is shown in Fig. 11. With the coupled approach,
the momentum and continuity equations were solved simultane-
ously with one iteration at each marching step. Davis in 1972 (see
Ref. 79) suggesteda modified tridiagonal solutionapproachfor cou-
pling the momentum and continuity equations. The Davis coupled
scheme is the same as the coupled approach, but a special form of
the block tridiagonal solution method is used. The Davis coupled
scheme result is also given in Fig. 11. These results show that the
uncoupled approach requires approximately 20 iterations to obtain
a second-ordermethod in the marching direction.

This problem was further investigated® several years later with
the coupled approach using no iterations and one iteration at each
marching step. The solutions with one iteration were obtained with
the total number of marching steps I =5, 9, 17, 33, and 65. The so-
lutions with no iterations were obtained with I =9, 17, 33, 65, 257,
and 513. The results of these solutions are given in Fig. 12, where
the error of the wall skin-friction parameter Cr «/Re, is shown as
the number of marching steps / is changed. The solution with no
iterations has first-order behavior, whereas the solution with one it-
eration has second-orderbehavior in the marching direction. From
this study, the number of marching steps and computer time re-
quired for a desired accuracy of the skin friction at £ =0.8 was
determined and are given in Table 1. When accurate solutions are
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Table1l Number of steps and computer time for coupled scheme

Marching steps / Time, s
% Error of No One No One
C/Rey iteration iteration iteration iteration
10 9 3 2.7 2.5
1 110 9 6.6 3.0
0.1 1200 28 49.1 4.5
—T T —TT ——
10" £ * E
5 ]
o r ]
g - a
§10° & E
o = =
c F ]
0 I ]
B8 L i
[
<10 F E
g [ sos ]
£ : Juax =31 :
8. 2
51 0 E L3 No Iterations E
- F First Order Slope 3
° B | ] One Iteration ]
- Second Order Slope R
10*3 M L P | LN
10° 10" 107 10°

Intervals in £ - Direction

Fig. 12 Accuracy of skin friction for Howarth problem.

desired for this problem, the second-order solution with one iter-
ation requires significantly less computer time than the first-order
solution without iteration.

A comprehensivereview on the numerical difficulties with solv-
ing chemically reacting flows has been made by McDonald 3? The
issue of whether to solve the equations coupled or uncoupled has
been carefully addressed. McDonald states, “As a rough guide, if N
partial differentialequations are being solved coupled, this requires
about N2 /2 times the labor of solving N uncoupledequations.” This
is written as #, = N2t, /2, where 1, is the time for one solution of the
coupledequationsand ¢, is the time for solving all of the uncoupled
equations once. The total time to solve the coupled equations at
each marchingstep is 7, = 2¢, due to the one iterationrequired. The
total time to solve the uncoupled equations at each marching step
is T, = I,,t, due to I, iterations required to obtain a second-order
scheme. Combining the relations gives the ratio of total coupled
time to the total uncoupled time,

T./T, = N*/1,

The boundary-layer work has shown that /,, ~ 20 for two coupled
equations, but when N is large, the value of I, could increase sig-
nificantly. From this time estimate, for a large number of chemical
species, the uncoupled sequential solution technique could be faster
than the fully coupled solution technique. This assumes that the un-
coupled technique will be second order in the marching direction
with I, < 10N iterations at each step. Also the uncoupled approach
could become unstable and not work. The results presentedin Fig. 7
can be misleading because the numerical scheme is first order in the
marching direction, and all of the improvements in the numerical
schemeas discussed were notincludedin this earlier work. A reeval-
uation of the linearizationand couplingissues for chemically react-
ing flows is needed, but perhaps the importance is less significant
because computer capabilities have improved considerably.

Verification of Numerical Solutions

Getting the Right Solution to a Boundary-Layer Problem

One problem that was solved by the author’® was motivated by
results presented in an earlier paper by Fitzhugh 83 One of the re-
sults, Fig. 2 in Fitzhugh’s paper, was for the Howarth problem with
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Fig. 13 Results for the numerical solution of the linearly retarded flow
at Mach 4 and wall temperature equals freestream value.

Mach 4 flow where the variation of the skin-frictionparameteralong
the wall was presented. His numerical solution was compared to a
National Physics Laboratory (NPL) “exact” numerical solution and
three approximatesolutions. His result did not agree with any of the
other results, and one had no idea what the correct solution should
be. The author’ solved the compressible boundary-layerequations
with A¢ fixed and four values of An and then solved with An fixed
and four values of A&. The fine grid results for skin friction were es-
timated to have an error of approximately 0.1%. These results were
further improved with Richardson extrapolation. These predictions
are compared to the prediction of NPL and Fitzhughin Fig. 13. The
results of Ref. 79 are sufficiently accurate that further grid refine-
ment will not change the curve location. Results for larger values
of & are not given because the boundary layer grows rapidly in the
region near separation and a large value of 7, is required to ob-
tain an accurate solution. The linearly retarded freestream velocity
problem has also been investigated by Werle and Senechal 3 The
boundary-layersolution technique was used to obtain a solution to
a Howarth problem investigated by Werle and Senechal for the case
of Mach 6 flow with the wall temperature equal to the total temper-
ature. Three solutions with n, = 8.8 were obtained by the present
author on a series of refined grids. With Richardson extrapolation,
the exact solution of the skin friction along the wall was estimated
and the percent error of the skin friction determined. The author’s
results are in excellent agreement with the predictions of Werle and
Senechal except near separation point where there is a slight differ-
ence. For small values of x /L, the skin-friction values have errors
of less than 0.1%, whereas near separation the error grows to 1.7%.
Because at separation the skin friction is zero, the percent error is
notthe appropriatequantity to measure the solutionaccuracy against
near the separation point. The discretizationerror of the numerical
solution might be a more appropriate measure of the solution accu-
racy. These problems illustrate that one can develop confidence in
the accuracy of the computational solutions. For a specified model
and governing equations, one can determine an accurate numerical
solutionandthe discretization errorif sufficient computer capability
is available.

Picking the Right Benchmark Problem

As part of code verification, benchmark problems have been cho-
sen and accurate solutionshave been obtained with well-established
codes. These benchmark solutionsare very valuablebecauseauthors
of new codes can use these solutions to help verify their codes.
However, it is common practice to use the incompressible flat plate
boundary-layer solution (Blasius solution) as a benchmark prob-
lem to help verify Navier—Stokes codes. It should be the other way
around, where Navier—Stokes solutions are used to validate the ac-
curacy of the boundary-layer equations for the flat plate problem.
The incompressible Navier—Stokes equations were initially solved
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Table2 Skin friction on flat plate

JRe, cr/Rey
0 0.7549
2.0591 0.7631
12.817 0.6877
135.34 0.6645
00 0.6641

by Davis and vande Vooren-Dijkstraforthe flow overa semi-infinite
flat plate. The leading-edge singularity was removed by transform-
ing the Navier-Stokes equationsinto parabolic coordinates. Davis®’
and Botta et al.% extended the flat plate solutions to flow over a
parabolic cylinder where the semi-infinite flat plate has the nose ra-
dius equal to zero. The semi-infinite flat plate results of Davis and
van de Vooren are in reasonable agreement but not of benchmark
quality. The variation of the skin-friction parameter ¢, /Re, away
from the leading edge in terms of the Reynolds number Re, is given
at several locations in Table 2 The data of van de Vooren are pre-
sented in Table 2. The skin friction approaches the Blasius value far
downstream from the leading edge. The use of the Blasius solution
to verify Navier—Stokes solutions must be used with care.

Observations on Obtaining the Right Solutions

The recent approach to obtaining accurate results to thermo-
physicsand CFD problemshas utilized numerical solutionsto avoid
approximate solutions techniques of the governing equations and
has employed more fundamental governingequations. For example,
Navier-Stokes equations are used rather than Euler/boundary-layer
equations for attached flow over a body or large eddy simulation
(LES) approachis used rather than the Reynolds averaged Navier—
Stokes (RANS) equations for turbulent flow. As CFD moves toward
more fundamental governing equations with less modeling and ap-
proximations required, numerical solution techniques are being de-
veloped for the new governing equations with a continued quest
for faster and more accurate approaches. Clearly, accurate numeri-
cal solutions of the more fundamental governing equations provide
a database of benchmark solutions that is very valuable and has
the same importance as an experimental database. However, for the
predictionsneeded in engineering analysis and design, the solution
requirements are different. These predictions must provide reason-
ably accurateresultsin a short turn-aroundtime. As computer mem-
ory and speed increase, the feasibility of using more fundamental
governing equations will become possible.

In a recentpaperby Bardos,” he indicated that in fluid mechanics
one can introduce a “chain” of equations with the hope that the
next level of equations will become relevant when the physics of
the phenomena becomes too complicated to be computed by the
previous equations. He also indicates the present concerns are how
to describe the phenomena with the convenient equations, how to
compute these phenomena, and how to use and visualize the results
in spite of the complexity. It is the first item that is relevant to the
presentdiscussion.Bardosdoes not define convenientequations, but
an appropriatedefinitionis a set of governing equations that include
sufficient physics that the prediction can provide a solution with
the desired accuracy. The convenientequations for design might be
a reduced form of the laminar Navier-Stokes (LNS) equations or
a reduced form of the RANS equations. The convenient equations
for research investigations might be the LNS equations for laminar
flows and LES approach for turbulent flows.

At this time, the Navier—Stokes equations appear to be the conve-
nient equations for high-fidelity thermophysicsand CFD solutions,
but this approach is not sufficiently fast for many design applica-
tions. The problemhas been clearly illustratedin the review paperby
Gnoffoetal.,®® where designissues for hypersonic vehiclesare con-
sidered. The authors have shown that a leveraging approach can be
used to supplement the costly and time-consuming Navier—Stokes
solutionsusedinrecentdesignstudies. The authorsstate, “The lever-
aging approach refers to the use of engineering approximations,
often based on boundary-layermethods, to extend (leverage) a lim-

ited matrix of CFD solutions for better coverage of the parameter
space.” The two-dimensionalboundarylayercode LATCH was used
to provide the approximate three-dimensionalsolutions. Boundary-
layer codes are limited to attached flows, and the main difficulty is
providing edge boundary conditions.

The work at NASA Langley Research Center has been success-
ful in determining the steamlines near the wall and matching the
boundary-layer to the inviscid flow. The boundary-layer approach
is a efficient method to study flows with known edge conditions
and various surface phenomena (see the work of Fliigge-Lotz and
Baxter®*), especially if the boundary-layer edge properties are not
in too much error due to the surface changes. There has been sig-
nificant progress in matching the boundary layer with the invis-
cid flow with the work of Wuthrich and Sawley,% DeJarnette and
Radciffe,’° and the work of other investigators referenced in these
papers. The work of Wuthrich and Sawley show that the computa-
tion time for the inviscid/boundary-layer approach is significantly
less than a Navier-Stokes solution.

Another approach of coupling the boundary-layer solution to a
Navier-Stokes solution was suggested by Van Dalsem and Steger,’!
and it was referred to as the fortified Navier—Stokes approach. This
technique has been investigated by other authors (M. D. Bergeron
and D. W. Zingg, T. H. Olsen, M. M. Hafez, and Van Dalsem), and
K. Fujii refers to the approach as the fortified solution algorithm.
In the fortified method, the boundary-layerequations are computed
with a time-relaxationmethod, which allows three-dimensionaland
separated flows be solved.

Closing Comments

There has been the compelling desire to replace wind-tunnel ex-
periments with CFD; this has not happened to date and will not
happen in the foreseeable future. Also, for a long time, there has
been an issue with the credibility of numerical solutions, and this
issue is now receiving significant attention. A new issue that has
not been addressed adequately is, What convenient form of the gov-
erning equations should be used to solve engineering problems? At
this time, maybe the right governing equations for thermophysics
and CFD problems should be a mixture of 1) LNS or RANS, which
can provide high fidelity solutions,and 2) reduced forms of LNS or
RANS for approximate solutions. There is a need to further inves-
tigate and improve reduced forms of the Navier-Stokes equations
and to determine the error introduced by the simplified equations.
When this is accomplished, there will be better engineering analy-
sis and design capabilities for providing insight, not numbers, in a
reasonable amount of time.
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